A control strategy aimed at minimizing energy consumption is formulated for non-ideal dead-end cake filtration with an inside-out hollow fiber ultrafiltration membrane system. The non-ideal behavior was assumed to originate from cake compression, non-linear cake resistance and a variable pump efficiency.
Introduction
Dead-end membrane filtration can be used as a part of a conventional water treatment process or as a stand alone treatment. Due to its high selectivity, it is a promising technology. However, as a consequence of the accumulation of retained matter, filtration becomes progressively more difficult. This is an important limiting factor in the application of membrane filtration systems [1] . Fouling has a direct impact on the operating costs, because a large part of the energy consumption is needed to overcome the fouling resistance. Furthermore, periodic cleaning is necessary. Hence, in the operation of dead-end membrane filtration, fouling can be considered one of the main limitations.
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pilot plant studies. Hence, optimization may lead to a reduction in operating costs.
Mathematical optimization of membrane operation minimizes the operating costs calculated by a process model. Although filtration models are widely available, to the authors knowledge little has been published about mathematical optimization of membrane filtration. Steady state optimization or momentary optimization deals with finding the optimal value of a certain control variable at a certain moment. For example, in constant pressure filtration the net flow rate can be maximized. This has been applied to a a discontinuous microfiltrationbackwash process [2] or a crossflow microfiltration process [3] . However, in industrial applications the flow rate is often a control variable. In that case maximizing the flow rate is not a good objective and the operating costs should be minimized instead. Noronha et al. [4] determined the optimal steady state operating point for a two stage nanofiltration system. The pump efficiency as function of the flow was an important factor in the operating costs.
Dynamic optimization deals with finding the optimal trajectory of a certain state or control variable. This type of optimization considers the difficulty of the operation during the entire production phase. This was applied to reverse osmosis filtration of cheese whey by van Boxtel et al. [5] . The result of dynamic optimization can often be interpreted as an operating strategy or an optimal control mode. Currently, well known operating strategies for both a crossflow and dead-end configuration are constant flux and constant pressure filtration.
In the crossflow filtration of raw cane sugar remelt, for example, it was found that the control mode is of importance for the fouling rate [6] . The author suggests that by applying constant flux filtration, the system can be operated under low fouling conditions. This affected microfiltration more strongly than for ultrafiltration. Another example is the crossflow microfiltration of lactic acid fermentation broth [7, 8] . Although constant flux filtration allowed for operation under low fouling conditions, the author finds that the average productivity is higher for constant pressure filtration.
In the field of dead-end filtration, constant flux and constant pressure are the most common operating strategies as well. Compared to constant pressure filtration, constant flux filtration is convenenient in industrial application due to its constant production rate. Furthermore, the initial rapid fouling that can occur due to a high initial flux in constant pressure filtration is avoided [9] . However, regarding cake filtration it was found that the operating mode is of less importance on the fouling behavior [10] . The disadvantage of constant flux filtration is the rise of the transmembrane pressure, which can be large under certain conditions.
In this research, the effect of the operating strategy on the operating costs is considered. For dead end filtration, it was found that under the assumptions of the ideal blocking laws, a reduction in energy consumption is possible by applying constant power filtration [11] . Compared to constant flux and constant pressure filtration the reduction in energy consumption is usually small, except in cases where the fouling mechanism resembles standard blocking and the fouling resistance is large. However, this control strategy does not take the effect of pump efficiency, cake compressibility and area reduction in a hollow fiber, into account. Based on the results obtained from the ideal blocking laws it can be expected that constant gross power is a good suboptimal operating strategy. The effect of a variable pump efficiency, cake volume and cake compressibility on the optimal strategy and the reduction in operating costs will be investigated.
Theory
Dynamic optimization calculates a dynamic trajectory for a control variable (in this case the filtration flux), thus minimizing the operating costs. The operating costs can be divided into: fixed costs, raw feed water costs, pretreatment costs, waste disposal costs and energy costs. Which of these factors predominates depends on the design of the installation and the properties of the feedwater. To compare control modes, the produced volume and the final time are fixed. In that case the only cost factor that can be influenced by variation of the production rate in time is the energy cost.
Energy consumption
The goal of this study is minimization of energy consumed during the filtration phase. The energy consumption per unit area E, as function of the transmembrane pressure P, the flux J and the pump efficiency η P is given by:
At this point a difficulty variable γ is introduced. Conceptually, the difficulty is defined as a normalized ratio between effort and result. Normalization is applied such that the lowest possible value is 1. An increased value indicates how much more effort (power) is needed to obtain the same result (product flow). For membrane filtration, this can be factorized into the difficulty increase due to the pump efficiency (γ P ) and the difficulty increase caused by the fouling resistance (γ F ).
in which R M is the membrane resistance, R the total resistance and η P,max is the maximum pump efficiency. According to Darcy's law, the transmembrane pressure can be given by:
When it is assumed that the viscosity η is constant and Darcy's law is substituted, the energy consumption is given by:
The difficulties are described as function of the filtration state and flux by the fouling model and the pump model, respectively.
Fouling model
Due to the accumulation of retained particles, filtration becomes increasingly more difficult. When it is assumed that there is complete retention and that all retained matter contributes to cake formation, it follows that the change in the fouling state w is equal to the flux:
The resistance of an ideal cake R C depends on the filtration state and the specific cake resistance α [13] :
The resistance of a cake inside a hollow fiber is larger than the resistance of the same amount of cake on a flat sheet. A correction factor for this effect is expressed by , which follows from a relationship presented by Belfort et al. [1] :
in which r is the fiber radius and x is the cake volume fraction.
To account for cake compression, the cake resistance is multiplied by another correction factor. This is approximated by a first order function of the uncompressed resistance, αw (w), the flux, the viscosity and the compressibility β:
Hence, the difficulty caused by the fouling resistance can be given by:
Pump model
The behavior of pumps can be described by their characteristic and efficiency curves. The efficiency curve expresses, for a fixed number of revolutions N, the efficiency η P,N as function of the flux J N . An example of an efficiency curve can be seen in the bottom left corner of Fig. 1 . This is approximated by a quadratic function, with η P,max the maximum pump efficiency and J x the flux for which this maximum is attained at the given number of revolutions, it is given by:
At the same number of revolutions, the relationship between the flow J N and the head P N is given by the characteristic curve. This is approximated by a quadratic function, with P max the maximum pressure, it is given by:
For variable flow pumps, the operating points are not limited to the characteristic curve. To calculate the efficiency for such a point (J, P), the corresponding point on the characteristic curve (J N , P N ) must be found. The efficiency is constant along certain lines in the J-P plane. A good approximation for such lines can be given by [12] :
With the help of these equations, the efficiency can be calculated for each combination of flux and pressure. An example can be found in Fig. 1 : in the top left graph, the operating point is depicted by O. The corresponding point on the characteristic curve O N is found by following the line defined by Eq. (13) from the operating point to the characteristic curve. The efficiency at this point follows from the corresponding flow J N and can be determined from the bottom graph.
By means of the combination of Eqs. (11)- (13) the difficulty due to the pump efficiency can be expressed by: 
Optimization
The goal of dynamic optimization is to vary the flux over the duration of the filtration phase in such a way that the energy consumption is minimized. The minimum principle can be used to find the optimal trajectory. An introduction to this principle can be found in Ref. [14] .
The problem deals with a fixed final time T and final state w(T ) = w T , the initial condition is w(0) = w 0 . The state equation is given by Eq. (6) and the cost functional is given by Eq. (5). Hence, for the system at hand, the Hamiltonian can be defined as
The optimal flux minimizes the Hamiltonian. In this case, this means that the derivative of the Hamiltonian with respect to the control variable J must be set to zero.
When this expression is equated to zero and rearranged, it can be substituted in Eq. (15) . This gives the value of the Hamiltonian in the optimum:
From optimal control theory it follows that the value of the Hamiltonian is constant, providing no bounds are active. Hence, this equation illustrates the significance of the flux dependency of the difficulty terms. If the difficulty is not sensitive for changes in the flux, it follows directly that constant power operation is optimal.
If the second term increases in time, the power will decrease and vice versa. Hence, when the difficulty does depend on the flux, but the sensitivity does not change in time, constant power is still optimal. Whether it is a good suboptimal strategy, depends on the change of this term along the optimal trajectory.
The optimal control problem is solved numerically, by constructing trajectories with constant Hamiltonian, calculated from Eq. (17).
Results

Parameters
The membrane module, water quality parameters and filtration duration as well as the average flux were chosen based on a pilot plant study. The feedwater used was taken from the Twente Canal and coagulated with polyaluminium chloride. The water quality parameters were determined by filtration at varying flux and composition, as described in Ref. [15] .
For comparison, two sets of pump parameters were defined. One maximizes the efficiency in the operating point, while being able to deliver 75 l/m 2 h at 1 bar. This results in a pump with a large flow capacity. The other pump is dimensioned with limited capacity and roughly corresponds to the pilot plant pump. The corresponding characteristic and efficiency curves are shown in Fig. 1 . The actual value of the maximum efficiency has no influence on the dynamics of the energy consumption and has therefore no significance for the result. The values of the model parameters are shown in Table 1 . Fig. 2 shows the relative difficulties as a function of the filtration state and the flux. When fouling is considered, it can be seen that due to cake compression it is unfavorable to operate at a high flux when there is a large amount of cake. Hence, it is expected that due to this mechanism the optimum is shifted towards constant pressure filtration. However, when the pump is considered, it can be seen that it is unfavorable to operate at a high flux with little fouling (especially for the small pump) or to operate at a low flux with a large amount of fouling (especially for the large pump). This would shift the optimum towards constant flux filtration.
Optimal trajectory
Figs. 3 and 4 show the resulting trajectories. It can be seen that constant power filtration resembles the optimal trajectory quite well, and is expected to be a good suboptimal strategy.
It can be seen that for the small pump the optimal trajectory is close to constant flux (top left of Fig. 3 ). For the large pump the optimal trajectory is approximately halfway constant flux and constant pressure (top left of Fig. 4 ). This is resembles the results that would be obtained for ideal cake filtration [11] . The resemblance with the ideal case is caused by the fact that the pump efficiency shows very little variation and has therefore a small influence on the shape of the filtration trajectory. If the pump would be increased in size even further, the optimal trajectory would shift towards constant pressure filtration.
Sensitivity
It is interesting to study the effect of model parameters on the optimization results. It should be noted that a very large range of the model parameters will be studied. These values are not necessarily realistic, nor can it be guaranteed the model is accurate in the entire range. The reason for such large varitions is to investigate under which conditions dynamic optimization might be attractive and to illustrate the robustness of suboptimal operating strategies. To compare different situations, two cost indices are defined. The first provides information about how attractive the optimal strategy is compared to reference strategies. The second provides information about the magnitude of the optimal costs under different conditions. Implementation of a new operating strategy requires adaptation of existing control systems. Whether it is worth this effort, is determined by the difference in the actual energy costs E and the minimal energy costs E * . To quantify this, the potential savings of a suboptimal strategy are defined as
The value of the potential savings is evaluated under large variations in the model parameters. Thus, it can be estimated under which conditions optimization is attractive.
Some model parameters have a larger effect on the costs and therefore on the operation than others. This is indicated by the relative change in the optimal costs under a certain variation in model parameters. It can be defined as the ratio between the optimal costs for a certain set of parameters E * and the optimal costs under standard conditions E * ref .
In the following paragraphs both these values are evaluated and plotted together for several model parameters. Under the investigated conditions, the constant gross power trajectory does not differ significantly from the optimal strategy. Hence, the constant gross power will not appear in the sensitivity plots.
Water quality parameters
The top left of Fig. 5 shows the sensitivity for changes in the specific cake resistance. From the potential savings, as defined by Eq. (18), it can be seen that under normal conditions (α/α ref = 1) the potential savings of the constant flux strategy (line with squares) is not significant (< 0.005 or < 0.5%). However, when the specific cake resistance increases, dynamic optimization becomes more attractive. For example, when the specific cake resistance is 10 times as large as its reference value, approximately 20% more energy is consumed by constant flux filtration than by application of optimal control.
When the cost index, as defined by Eq. (19) (line with triangles), is considered, it can be seen that the optimal costs increase with increasing specific cake resistance. However, when the specific cake resistance is reduced to 10% of its reference value the cost index of the optimal strategy is close to 1. Hence the costs can not be decreased much by reducing the specific cake resistance. This can be explained by the fact that for small α the energy consumption is dominated by the membrane resistance. In that case the different strategies become similar, which is reflected in the relative cost of the suboptimal strategies, which drop below 0.5%. Fig. 6 shows the same plots for a larger pump. It can be concluded that the optimal costs are more sensitive to changes in the specific cake resistance than in the case of the small pump. This can, for example, be seen in the top left plot of Figs. 5 and 6, where an increase of the specific cake resistance to 10 times its reference value leads to an increase of the optimal costs to approximately 5 times its reference value for the small pump, whereas in the case of the large pump the optimal costs are increase by more than a factor 10. This can be explained by the consideration that the efficiency of the small pump improves when the filtration becomes more difficult, because it approaches its operating point. This partially counteracts the effect of changing water quality parameters.
Comparison of the potential savings in both figures, leads to the observation that the relative costs of constant flux filtration is higher for the large pump then for the small pump. This can for The compressibility (top right) and the cake volume (bottom left) have only a small influence on the cost, except when these values become large. The potential savings of constant flux and pressure shows that optimization might be attractive when the cake is very compressible or has a very large volume. When realistic values are considered, the viscosity has no significant influence on the potential savings of the reference strategies.
Module parameters
In the right graphs of Figs. 7 and 8 the influence of the membrane resistance on the relative costs is plotted. By lowering the membrane resistance the pump efficiency decreases. This can be seen in Fig. 1 , where by lowering the membrane resistance the operating point (O) is shifted down. This reduction in pump efficiency partially countacts the reduc- Fig. 11 . Effect of final conditions on cost index (small pump). tion in energy consumption that is expected from lowering the membrane resistance. Furthermore, the change in pump efficiency of the small pump is much larger than the change in efficiency of the large pump. This is reflected in the sensitivity of the optimal costs for changes in the membrane resistance.
When the membrane resistance is lowered, the energy consumption is dominated by the fouling resistance. Consequently, the decrease of the optimal costs that can be achieved by lowering membrane resistance is limited. From the potential savings it can be seen that the optimal strategy becomes more attractive as the membrane resistance gets smaller.
From Eq. (8) it is clear that the effect of the fiber radius is the inverse of the effect of the cake volume fraction. Hence, the left plot of Figs. 7 and 8 are the same as the mirror images of the bottom left plot of Figs. 5 and 6.
Pump parameters
There is a set of pump parameters for which constant flux and constant pressure are (approximately) equally expensive. This is the intersection between the relative costs of constant pressure and constant flux filtration. This point can be seen in Figs. 9 and 10 . If, compared to this point, the the pump has a large head P m and/or a small capacity J x , constant pressure is more expensive than constant flux and vise versa. Since this intersection is close to the reference for the large pump, it can be concluded that unless the pump is over dimensioned, constant flux filtration will typically consume less energy than constant pressure filtration.
Final conditions
Figs. 11 and 12 show the sensitivities of the costs towards changes in the final conditions. Three possibilities of changing the final conditions are considered, which are:
(1) Variable final state and final time at a fixed ratio. In this case the filtration duration is varied, while maintaining the same average production rate. As can be seen in the top left graph of Figs. 11 and 12 the optimal costs vary approximately linearly with the fouling load. (2) Variable final time and fixed final state. When the same volume is produced in less time, the average flux increases, whereas the amount of fouling remains the same. In Eq.
(1) it can be seen that the energy costs are approximately proportional to the square of the average flux. (3) Variable final state and fixed final time. When more is produced in the same time, both the average flux and the amount of fouling increase. Since both effects occur, the optimal costs are approximately proportional to the third power of the fouling load.
Furthermore, it can be seen that optimization becomes more attractive when the fouling load gets larger and/or the average flux increases.
Conclusion
Constant flux filtration consumes less energy than constant pressure filtration. This difference can be mainly accounted to the pump efficiency, which is determined by the pump dimensions. For pumps with equal head but a larger capacity, the optimum shifts towards constant pressure filtration. Under typical conditions, the potential savings of constant flux and constant gross power compared to the optimal strategy are small (<1%). When the fouling load and production rate increase, the difference between the operating strategies becomes more significant. However, for industrial applications the advantage of a constant production rate achieved in constant flux filtration probably outweights the energy that can be saved by applying constant gross power filtration. Greek letters α specific cake resistance (m −2 ) β compressibility (Pa −1 ) γ P 'difficulty' due to pump efficiency γ F 'difficulty' due to fouling η viscosity (Pa s) η P pump efficiency η P,N pump efficiency (in characteristic curve) η P,max maximum pump efficiency λ adjoined state (Pa) volume correction factor Indices 0 initial (t = 0) T final (t = T ) * optimal
